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It is shown that any given k-fold covering projection of graphs p : G, - G, 
can be embedded in a k-fold covering projection of closed orientable surfaces 
TT : S, -+ S, in the sense that there are embeddings of G, in S, and G, in S, such 
that p is the restriction of 7~. In the case of a regular covering projection p, which 
is the quotient map with respect to some group action on G, , it is shown that 
there is a regular covering projection 7 of surfaces in which p can be embedded. 
1. INTRODUCTION 
In the study of embeddings of graphs in surfaces, it is clear that a given 
graph can be embedded in some closed orientable surface Xg of genus g, 
and the main interest (see, for example, [16]) lies in finding the genus of a 
graph G, i.e., the least g such that there is an embedding E: G --+ X, . 
We are often interested not in one graph, but in the relationship between 
two graphs. For example, identification of antipodal pairs of vertices in the 
cube graph Q3 = K, x & x K, produces the complete graph K4 , and this 
gives a 2-fold covering projection p: Q3 - K4 (see [l, Sect. 191). Covering 
projections of graphs occur in several recent papers (see, for example, 
[2-7, 151). C overing projections have been used in the study of embedding 
problems, set in the context of current and voltage graphs, by Alpert, Gross, 
Stahl, and Tucker (see, for example, [8-131). 
Examples of covering projections can be constructed in the following way. 
Take a graph Gz and an embedding e2 : G, -+ S2 in a surface S, . Then given 
any k-fold covering projection of surfaces 7~: S, - S, , we obtain a covering 
projection of graphs p: G1 -+ G, by “pulling back” 7~ with respect to 62 . 
Thus, the vertex-set V(G,) is Y+(+( V(G,))) and the edges of G, are the com- 
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ponents of the preimages under 72 of the edges of Gz in S, . G1 is then embedded 
in S1 and we have a commutative diagram: 
It is natural to ask whether all covering graphs occur in this way. Equiv- 
alently, we seek to solve the “embedding problem” for covering projections 
of graphs. 
The main object of this paper is to prove that every covering projection of 
graphs p: G1 -+ G, can be embedded in a covering projection rr: S1 +- S, of 
surfaces, in the sense that there are embeddings Ei : Gi -+ Si (i = 1,2) which 
give a commutative diagram as above. In fact, we prove a slightly stronger 
result: see Theorem 4.1. Sections 2 and 3 are devoted to presenting facts 
on coverings of graphs and surfaces, respectively. The embedding theorem 
is proved in Section 4. Appropriate concepts of genus of a graph-projection 
emerge, and an upper bound for the genus is determined. In Section 5 we 
define regular coverings as those which are determined as the quotient of 
a group action. We prove a regular embedding theorem and apply the concept 
of regularity to show that a nonregular covering must have genus strictly 
greater than one. 
2. COVERING PROJECTIONS OF GRAPHS 
By a morphism p: G + H of (finite, simple) graphs we mean a vertex-map 
p: V(G) - V(H) which proserves adjacency: v -G w  implies p(v) -H p(w). 
Thus p sends edges to edges, i.e., there is a map p: E(G) --+ E(H), given by 
p([v, WI) = 1 P(V), Pb41. 
A k-fold covering projection of graphs is an onto morphism p: G -+ H 
such that (i) for each v E: V(H), p-l(v) (called the jiber over v) consists of 
k distinct vertices, {v, ,..., v,} say, and (ii) for each edge e = [v, w] E E(H), 
p-‘(e) cons’ t is s of k mutually nonincident edges. Each vertex vi in p-l(v) is 
adjacent to exactly one vertex wj in p-l(w) (see [15]). 
EXAMPLES. l-fold covering projections are simply automorphisms of H. 
2-fold covering projections are the subject of [ 141. The line graph of Petersen’s 
graph has a 3-fold covering projection to & , given by p(vi) = v (i = 1,2, 3) 
etc. (see Fig. 1). 
12 CLARKE ET AL. 
FIGURE 1 
The fibers of this projection consist of triples of mutually antipodal ver- 
tices. (The partition of the 15 vertices into 5 fibers corresponds to the equiv- 
alence relation: a = b if the distance a(a, b) is 3 (which is the diameter of the 
graph or zero.) Such antipodality relations give a rich source of examples 
(see [6, 141). 
3. COVERING PROJECTIONS OF SURFACES 
Denote by X9 the closed orientable surface of genus g, and by Y, the closed 
nonorientable surface of genus h, i.e., a sphere with h cross-caps. In order to 
embed our graph-projections in some surface-projections we present first 
the necessary ideas and results concerning surfaces, which are well known. 
By a surface we mean a compact two-dimensional manifold without 
boundary. A (continuous) map n: S, -+ S, of surfaces is a k-fold covering 
projection if each point x E Sz has an open neighborhood U such that ,rr-l( U) 
consists of k disjoint copies of U. For a general introduction to covering 
spaces, see Massey [12]. Denoting the Euler characteristic of a triangulable 
space T by x(T) we have x(X,) = 2 - 2g and x( Y,) = 2 - h (see [ 161). 
3.1. RIEMANN-HURWITZ THEOREM. If nr: T’ -+ T is any k-fold covering 
projection of triangulable spaces, then x(T’) = kx(T). 
For surfaces, this gives a useful result: 
3.2. COROLLARY. (i) If rr: Z --+ X0 is a k-fold covering, then Z = Xl+k.(y-l) . 
(ii) If r;rr: 2 -+ Y, is a k-fold covering, then (a) 2 = XI+b,2(h--2) if 2 
is orientable, and (b) 2 = Y2+k(h--2~ is 2 is nonorientable. 
Coverings of each of these types exist, but are not unique. 
COVERING PROJECTIONS OF GRAPHS 13 
When we come on to seek double cover projections of surfaces in which 
to embed our double cover projections of graphs, it will be evident that the 
above corollary alone imposes severe restrictions. In particular, 3.2 implies 
that the only surface S which can occur in a 2-fold covering V: S -+ X0 is 
x 28--1 . Similarly, the only surfaces which can occur as double covers of 
Y, are the orientable surface X,-, and the nonorientable surface Y,,-, . 
It also follows that the only orientable surface which can (and does) 
double cover itself is the torus X1 , and the only non-orientable surface with 
this property is the Klein bottle Y, . 
4. EMBEDDINGS OF COVERING PROJECTIONS 
Letp:G,-+G,, ?r: S1 -+ Sz denote k-fold covering projections of graphs 
and surfaces respectively. We define an embedding E of p in rr to be a pair 
(Ed : G, + S1 , l 2 : G, -+ S2) such that 7~6~ = c2p. Thus E corresponds to 
a commutative diagram: 
G1 A-+ S, 
P 
1 1 
71 
G2 >-+ S2 
and we can think ofp as a restrictionp = 7~ 1 EJG). 
Examples of covering projections of graphs arise frequently and it is natural 
to ask if they can be “realized” by some embedding E. As an example of a 
double cover, it is well known that identification of antipodal pairs of vertices 
in the dodecahedron graph gives a 2-fold covering of Petersen’s graph [14]. 
The standard embedding e1 of the dodecahedron in the sphere X0 projects 
to a corresponding embedding c2 of Petersen’s graph in the real projective 
plane Y1 . Further, the icosahedron, which is the dual in the sphere of the 
dodecahedron, projects to the complete graph KS, which is the dual of 
Petersen’s graph in the real projective plane (see [4]). 
For covering projections of nonplanar graphs, such obvious embeddings 
can rarely be obtained. However, our main result ensures that an embedding 
of projections does exist: 
4.1. THEOREM. Given a graph G2 , there is an embedding of G2 in a surface 
S, which is universal for coverings in the following sense: for each k-fold 
covering projection of graphs p: G, -+ G, , there is a k-fold covering projection 
of surfaces 7~: SI -+ S2 such that p embeds in T. 
Proof. We begin by embedding the graph G2 in an orientable surface 
B2 with boundary, in such a way that e2 : G, -+ B, is a homotopy equivalence, 
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and we choose a retraction r/2 : B, - G, . This can be done in various ways, 
for example, by embedding G2 in some orientable surface and taking B2 
to be a tubular neighborhood, or by embedding G2 in R8 and “thickening” 
each edge slightly. 
Now we form S2 as the “double” of B2, that is, we take a second copy 
B$ of B2 and glue B$ to B2 by identifying corresponding points of their 
boundaries. Explicitly, this is done by embedding B2 in RS with the boundary 
circles in the xy plane and all interior points in the open half-space z > 0. 
Let B$ = ((x, y, z) E R3: (x, y, -z) E B,}; then S2 = B2 u Bz . 
It is now clear that the folding map p: S2 + B, given by (x, y, z) t-+ 
(x, y, 1 z I) provides a retraction of Sz onto B, . 
The composite r = r/2 0 p: S2 - G, retracts S2 onto G2 . The embedding 
: G, -+ Sz is universal, for given any k-fold covering p: G, -+ G, we can 
&m SI by pulling back p with respect to r. Explicitly, SI = S2flG, = 
((x, g) E S, x G, : p(g) = r(x)}, the projection 7~: SI + S2 is defined by 
~T(x, g) = X, and cl : G1 - SI is given by cl g = (c2pg, g). (We abuse nota- 
tion here by letting G, denote a suitable embedding (say in R3) of the graph 
G1 .) SI is an orientable surface because it is a covering space of the orientable 
surface S, (see 3.2). 
It follows from the general theory of covering spaces that 7~ is a k-fold 
covering projection since p is. i 
Note. The embedding constructed in the proof of 4.1, in general, will 
be inefficient in the sense that the surfaces constructed may have higher genus 
than is necessary. 
We define the genus of a k-fold covering projection p: G, - G2 to be the 
least g such that p embeds in some surface-covering V: Xk(8--1)+1 -+ Xs . 
Similarly the nonorientable genus of p is the least g such that p embeds in 
a covering 7r: Yk(g-2)+2 - Ya , and the mixed genus of p is the least 2 such that 
p embeds in a covering 7~ Xk,2(g--1)+1 - Y9 . 
PROBLEMS. Find g, g, and g” for p: G1 - G, in terms of the usual genus- 
invariants and other invariants of p, G, , and G2 . 
Focusing attention on the (orientable) genus we see that the proof of 4.1 
gives us an upper bound which is independent of the covering number k: 
4.2. THEOREM. For any k-fold covering projection of graphs p: G, - G2 , 
the genus g is less than or equal to the circuit rank of G2 . 
ProoJ: Suppose that the surface B, with boundary (in the construction in 
the proof of 4.1) has a handles and b holes (i.e., boundary-circles). The 
fundamental group 7r,(B,) is a free group of rank 2a + b - 1, and since Gz 
is homotopy equivalent to II2 , this is the circuit rank of G, . 
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Now Se = B, u Bz has 2a handles coming from the 2 copies of the a 
handles of Bz , and the b holes contribute a further b - 1 handles. Thus, 
Sz has genus 2a + b - 1, which equals the circuit rank of Gz . 1 
Note 1. This shows that the surface S, (though not the embedding of 
G, in it) is well defined by the construction in the proof of 4.1, i.e., indepen- 
dent of the various choices for Bz . 
Note 2. If Gz has circuit rank y, then every k-fold cover G, of G, has 
circuit rank k(y - 1) + 1. Thus in the proof of 4.1, both G1 and Gz are 
embedded in a surface whose genus is equal to the respective circuit rank. 
A particular case of the problem for g” has been solved in [4]: 
4.3. THEOREM. If p: G, + Gz is an antipodal double cover projection, and 
G, has genus zero, then g”(p) = 1. 
5. REGULAR COVERINGS AND REGULAR EMBEDDINGS 
In the category of topological spaces, a covering p: X1 + X, is said to 
be regular if X, is the quotient by a properly discontinuous group of homeo- 
phisms of X1 (see [12, p. 1651). 
If we denote the fundamental group of a space X by 7r1(X), and the induced 
homomorphism by p, : rrl(X1) + rr,(X& a necessary and sufficient condition 
for regularity is that PATS be a normal subgroup of r,(X,), in which case 
the group acting on X1 is the quotient group. 
A similar definition may be made in the category of graphs, and it is easy 
to see that the same criterion for regularity holds. In particular, all double 
coverings are regular, since they correspond to subgroups of index 2. 
5.1. EXAMPLE. The simplest example of a nonregular covering of graphs 
is the 3-fold covering in Fig. 2. 
b 
- d2 
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This can be seen to be nonregular in the following way: If p: G, -+ G, 
is regular and H is a subgraph of Gz , then the restriction p I: P-~H -+ H is 
a regular covering. In particular, this holds whenever H is isomorphic to 
a circuit graph C, . But the only regular k-fold coverings of C, have the 
form of a disjoint union 
u Gin- G, 
k/m copies 
where each copy of C,, wraps m times round C, . The significance of this 
for Example 5.1 is that if H is the circuit with vertices a, b, c, then p-lH N 
C3 I’J Ca , so p cannot be regular. Alternatively, it is clear that the larger 
graph in Fig. 2 has no automorphisms of order 3. 
Similarly, we can see that the 3-fold covering of KS in Fig. 1 is nonregular. 
Clearly, if 77: S1 -+ Sz is a regular covering and p: G1 -+ G, is embedded 
in rr then p is regular. Since the torus has an abelian fundamental group, 
every covering of the torus is regular, so a nonregular covering projection of 
graphs must have genus at least 2. This shows that the 3-fold covering in 
5.1 has genus 2 (using Theorem 4.2) despite the fact that both graphs are 
planar. Similarly the 3-fold covering in Fig. 1 has genus between 2 and 6, 
although each graph separately has genus 1. 
A new invariant (and the problems of computing it) naturally emerges. 
If a graph-covering p: G, --+ Gz is regular, we can consider the concept of 
regular embedding, that is, an embedding of p in a regular covering 7~: S1 --+ & 
of surfaces. We call the least g such that X, can be S, here the regular genus 
of the regular covering p. 
We conclude by proving that this invariant too has an upper bound: 
5.2. THEOREM. Every regular covering of graphs has a regular embedding. 
Proof. We show that if p: G, -+ Gz is a regular covering of graphs, then 
the embedding constructed in the proof of 4.1 is a regular embedding. We 
use the notation of 4.1 here. 
Given a group r of automorphisms of G, acting on V(G,) with no fixed 
points, we have an action 
r x G, - G1 
h &I * Yk3 
on the embedded graph (coinciding with the given one on the embedded 
vertices, and extending in the obvious way to points of the embedded edges). 
We extend this group-action to & by 
l-’ x (S&!G,) - SzDGl 
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given by 
This inherits the fixed-point free property. Also, it coincides with the given 
action on G1 . If G2 is the quotient of the given action, then clearly S, is the 
quotient of the action on SI . 1 
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